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Abstract 

Lattice current algebras were introduced as a regularization of the 
left- and right moving degrees of freedom in the WZNW model. They 
provide examples of lattice theories with a local quantum symmetry 
Uq{g). Their representation theory is studied in detail. In particular, 
we construct all irreducible representations along with a lattice analogue 
of the fusion product for representations of the lattice current algebra. 
It is shown that for an arbitrary number of lattice sites, the representa- 
tion categories of the lattice current algebras agree with their continuum 
counterparts. 
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1 Introduction 



Lattice current algebras were introduced and first studied several years ago 



(see [g], 1 13 1 and references therein). They were designed to provide a lattice 
regularization of the left- and right-moving degrees of freedom of the WZNW 
model [^0| and gave a new appealing view on the quantum group structure 
of the model. In spite of many similarities between lattice and continuum 
theory, fundamental relations between them remain to be understood. In this 
paper we prove the conjecture of [Q] that the representation categories of the 
lattice and continuum model agree. 

1.1 Lattice current algebras. Lattice current algebras are defined over a dis- 
cretized circle, i.e., their fundamental degrees of freedom are assigned to 
vertices and N edges of a 1-dimensional periodic lattice. We enumerate ver- 
tices by integers n{modN). Edges are oriented such that the v}^ edge points 
from the (n — 1)** to the v}^ vertex. Being defined over lattices of size A^, the 
lattice current algebras come in families ICn,N a positive integer. A precise 
definition of these (associative *-)algebras /Ctv is given in the next section. We 
shall see that elements of /Cat can be assembled into (s x s)— matrices, J„ and 
Nji, n € TiuiodN, with /CTv-valued matrix elements such that 

12 21 ^1221 

R'N^RN^ = N^R'N^R , (1.1) 

2112^ 12 2 ^1 

N n Jn=JnR N nR , Jn N n-1 = R N n-lR Jn ■ 

To explain notations we view the matrices Jn,Nn as elements in End{V)^ICj\f, 
where V is an s-dimensional vector space. In this way Jn = J2 "^-n,? ® ^n,? 
determines elements m^,? € End{V) and ln,c; G /Cat which are used to define 

where e is the unit in End{V). Similar definitions apply to Nn. Throughout 
the paper we will use the symbol a for the permutation map a : End{V) 
Endiy) — > End{y)®End{y) , and application of a to an object X G End{V)® 
End{y) is usually abbreviated by putting a prime, i.e. X' = a{X). The 
matrix R = R{h) E End{V) (8) End{V) which appears in eqs. ( |1 . l\ j is a one- 
parameter solution of the Yang Baxter Equation (YBE). Such solutions can 
be obtained from arbitrary simple Lie algebras. 

The lattice Kac-Moody algebra /Cat depends on a number of parameters, 
including the "Planck constant" h in the solution R{h) of the YBE and the 
"lattice spacing" A = 1/A^. A first, nontrivial test for the algebraic relations 



(1.1) comes from the classical continuum limit, i.e., from the limit in which h 



and A = 1/A^ are sent to zero. Using the rules 

iV„ ~ 1 - Ar/(x) , J„ ~ 1 - Aj{x) , i? ~ 1 + ijhr 



with X = n/N, 7 being a deformation parameter and the standard prescription 

{.,.} = hmi^ 

to recover the Poisson brackets from the commutators, one finds that 

{3{x),]{y)} = ^[C,]{x)-hvmx-y) + lC5'{x-v) , 

{h{x)^{y)} = l[C,h{x)-h{ymx-y) , 

{h{x)Mv)} = y,c,]{x)-hvmx-y) + iC5'{x-y) . 

Here C is the Casimir element C = r + r' = r + cr{r). For clarity, let us 
rewrite these relations in terms of components. When we express C = (8) 
and j{x) = ja{x)t^ in terms of generators t"" of the classical Lie algebra, the 
relations become 

{ja{x),jb{y)} = jfabjc{x)6{x - y) + jSabS'ix - y) 
{Va{x),rn,{y)] = -1 f^^r]c{x)5{x - y) 

{Va(.x),jb{y)} = "ffabjc(.x)5{x - y) +jSabS'{x - y) 

The /^j, 's are the structure constants of the Lie algebra, i.e., = fab^^^- 

We easily recognize the first equation as the classical Poisson bracket of 
the left currents in the WZNW model. Furthermore, the quantity j^{x) = 
j^{x) — r]{x) Poisson commutes with = j{x) and satisfies the Poisson 

commutation relations of the right currents, i.e., 

{j'^ix),j'^iy)} = -^[C,j'^ix)-j'^iyMx-y)-^C6'ix-y) , 

{i''(x),j^(y)} = . (1.2) 

Hence we conclude that the lattice current algebra as described in eqs. ( |1.1D 
is the quantum lattice counterpart of the classical left and right currents. 

One would like to establish a close relationship between the lattice current 
algebra and its counterpart in the continuum model. A first step in this 
direction is described in this paper. We find that the representation categories 
of the lattice and the continuum theory coincide. For this to work, it is rather 
crucial to combine left- and right-moving degrees of freedom. For instance, 
the center of the lattice current algebra with only one chiral sector changes 
dramatically depending on whether the number of lattice sites is odd or even. 



The only *-operation known for such algebras |26] is constructed in the case 
of Uq{sl{2)) and does not admit straightforward generalizations. However, no 
such difficulties appear in the full theory. It therefore appears to be rather 
unnatural to constrain the discrete models to one chiral sector. 



1.2 Main results. In the next section we use the methods developed in Q 
to provide a precise definition of lattice current algebras. In contrast to the 



heuristic definition we use in this introduction, our precise formulation is ap- 
phcable to general modular Hopf algebras Q, in particular to Uq{g), for an 
arbitrary semisimple Lie algebra g. The main result of Section 3 provides 
a complete list of irreducible representations for the lattice current algebras 
/Cat. 



Theorem A (Representations of /Cat) For every semisimple modular Hopf 
algebra Q and every integer N > 1, there exists a lattice current algebra /Ctv 
which admits a family of irreducible ^-representations Dj/ on Hilbert spaces 
Wjy'. Here the labels I, J run through classes of finite-dimensional, irreducible 
representations of the algebra Q . 



The two labels /, J that are needed to specify a representation of ICn cor- 
respond to the two chiralities in the theory of current algebras. In fact, the 
algebra JCi is isomorphic to the quantum double of the algebra G [^] and the 
pairs /, J label its representations. These results are in agreement with the 



investigation of related models in |22] 



Next, we introduce an inductive limit /Coo of the family of finite dimen- 



sional algebras /Cat- It can be done using the block-spin transformation [13| 

/Cat /Cat+i- 

Under this embedding, every irreducible representation of /Ca^+i splits into a 
direct sum of irreducible representations of /Cat • It appears that the represen- 
tation Dj/j^^ always splits into several copies of the representation Dj/. Thus, 
representations of the inductive limit /Coo are in one to one correspondence 
with representations of JCi (or /Cat for arbitrary finite A^). 

In order to be able to take tensor products of representations of the lattice 
current algebras, we introduce a family of homomorphisms 

which satisfy the co-associativity condition 

{id (g) Am,l) o ^n,l+m-i = (AAf,M ^ id) o Am+n-i,l- 

Let us notice that the co-product AAr,A/ is supposed to provide a lattice 
counterpart of the co-product defined by the structure of superselection sectors 



in algebraic field theory [|, [|10|, |8|. 



By combining the co-product Aat^m with the block-spin transformation we 
construct a new co-product Aat : /Cat ICn^K-n which preserves the number 
of sites in the lattice (see subsection 4.3). This co-product is compatible 
with the block-spin transformation and, hence, it defines a co-product for the 
inductive limit /Coo: 

Aqo • ^oo ^ ^oo ® /Coo* 

Our second result concerns tensor products of representations of the lattice 
current algebra /Coo- 



Theorem B (Representation category of the lattice current algebra) The 
braided tensor categories of representations of the lattice current algebra /Coo 
with the co-product Aqo and of the Hopf algebra /Ci with the co-product Ai 
coincide. 

In principle, our theory must be modified to apply to Uq{g),q^ = 1. It is 
well known that Uq{g) at roots of unity is not semi-simple. This can be 
cured by a process of truncation which retains only the "physical" part of 
the representation theory of quantized universal enveloping algebras. The 
algebraic implementation of this idea has been explained in Q and can be 
transferred easily to the present situation. We plan to propose an alternative 
treatment in a forthcoming publication. 

2 Definition of the Lattice Current Algebra 

Our goal is to assign a family of lattice current algebras (parametrized by 
the number N of lattice sites) to every modular Hopf-*-algebra Q. Before we 
describe the details, we briefly recall some fundamental ingredients from the 
theory of Hopf algebras. 

2.1 Semisimple, modular Hopf- algebras. By definition, a Hopf algebra is a 
quadruple (t/,e, A,5) of an associative algebra Q (the ''^symmetry algebra ") 
with unit e G ^, a one-dimensional representation e : — > C (the ^^co-unif), a 
homomorphism A : Q ^ Q0G { the ^^co-producf) and an anti-automorphism 
S : Q ^ Q (the "antipode"). These objects obey a set of basic axioms which 
can be found e.g. in fl] . The Hopf algebra {G, e. A, iS) is called quasitriangular 
if there is an invertible element R ^ Q ®Q such that 

R A(e) = A'(0 R for ah ^eG , 
{id A){R) = R13R12 , {A0id){R) = Rr3R23 . 

Here A' = o" o A, with a: QiSiG^G^Q the permutation map, and we are 
using the standard notation for the elements Rij G <Si Q Q. 

For a ribbon Hopf-algebra one postulates, in addition, the existence of a 
certain invertible central element v ^ Q (the ^^ribbon elemenf) which factor- 
izes R'R G Q G { here R' = o"(i?)), in the sense that 

R'R= {v<S)v)A{v-'') 

(see [^] for details). The ribbon element v and the element R allow us to 
construct a distinguished grouplike element g G G hy the formula 

g-' = v''Y.^{r'.yl , 

where the elements r* come from the expansion i? = ^ (8) of i?. The 
element g is important in the definition of q-traces below. 



We want this structure to be consistent with a *-operation on ^. To be 
more precise, we require that 

R* = {R-^y = a{R-^) , A(0* = A'(r), (2.1) 

and that v,g are unitary Q This structure is of particular interest, since it 
appears in the theory of the quantized universal enveloping algebras Uq{g) 
when the complex parameter q has values on the unit circle p^ . 

At this point we assume that G is semisimple, so that every representation 
of Q can be decomposed into a direct sum of finite-dimensional, irreducible 
representations. From every equivalence class [/] of irreducible representations 
of G, we may pick a representative r^, i.e., an irreducible representation of 
^ on a ^/-dimensional Hilbert space . The quantum trace trj^ is a linear 
functional acting on elements X G End{V^) by 

trl{X)=Tr'{XrU9)) ■ 

Here Tr^ denotes the standard trace on End{V^) with Tr\e^) = 6j and g £ G 
has been defined above. Evaluation of the unit element G End{V^) with 
tr^ gives the quantum dimension of the representation r^, 

di = trl{e^) . 

Furthermore, we assign a number Sij to every pair of representations ,t'' , 

Sij= M{trl tr^g ) {R'rY^ with = (r^ ® t^){R!R) , 

for a suitable, real normalization factor TV. The numbers Sjj form the so- 
called S-matrix S. Modular Hopf algebras are ribbon Hopf algebras with an 
invertible S'-matrix 0. 

Let us finally recall that the tensor product, r g] r', of two representations 
r, r' of a Hopf algebra is defined by 

(r m r')(0 = {r® -r')A(e) for all ^ G ^ • 

In particular, one may construct the tensor product h of two irreducible 
representations. According to our assumption that G is semisimple, such 
tensor products of representations can be decomposed into a direct sum of ir- 
reducible representations, r^. The multiplicities Nj^ in this Clebsch-Gordan 
decomposition of a r"^ are called fusion rules. 

^Here we have fixed * on (g) CJ by 77)* = 5* ® r;*. Following [Q, we could define 
an alternative involution ] on Q ®Q which incorporates a permutation of components, i.e., 
{£, ® ?7)^ = 77^ eg) 5^ and £} = ^* for all ^,ri £ Q. With respect to f , A becomes an ordinary * 
-homomorphism and R is unitary. 

■^If a diagonal matrix T is introduced according to Tij — zuSj^jdjr'' (v) (with an appro- 
priate complex factor -ou), then 5* and T furnish a projective representation of the modular 
group SL(2,Z). 



Among all our assumptions on the structure of the Hopf-algebra {Q, e, A, S) 
(quasi-triangularity, existence of a ribbon element v, semisimplicity of G and 
invertibility of S), semisimplicity of G is the most problematic one. In fact it 
is violated by the algebras Uq{g) when g is a root of unity. It is sketched in Q 
how "truncation" can cure this problem, once the theory has been extended 
to weak quasi-Hopf algebras ||l8| . 

Example: (Hopf-algebra Zq) We wish to give one fairly trivial example for 
the algebraic structure discussed so far. Our example comes from the group 
Zp. To be more precise, we consider the associative algebra G generated by 
one element g subject to the relation gP = 1. On this algebra, a co-product, 
co-unit and an antipode can be defined by 

A{g)=g0g , S{g) = g-^ , eig) = 1 . 

We observe that ^ is a commutative semisimple algebra. It has p one- 
dimensional representations T^{g) = q^,r = 0, ... ,p — 1, where q is a root 
of unity, q = e^'^^lv . We may construct characteristic projectors € G for 
these representations according to 

. P-i 

P"- = - Yq-^'^g' for r = 0,...,p-l . 

One can easily check that t^{P^) = J^.s- The elements P^ are employed to 
obtain a nontrivial i2-matrix, 

r,s 

When evaluated with a pair of representations t^' , we find that (r*" ^ 
t'^){R) = q^'^ . The i?-matrix satisfies all the axioms stated above and thus 
turns G into a quasitriangular Hopf-algebra. Moreover, a ribbon element 

2 

is provided hy v = ^q~^ Pr- We can finally introduce a *-operation on 



G such that g* = g~^. The consistency relations 2.1 follow from the co- 
commutativity of A, i.e. A' = A, and the property R = R'. A direct 
computation shows that the S-matrix is invertible only for odd integers p. 
Summarizing all this, we have constructed a family of semisimple ribbon Hopf- 
*-algebras Zq,q = exp{27ri/p). They are modular Hopf-algebras for all odd 
integers p. 



2.2 R-matrix formalism. Before we propose a definition of lattice current 
algebras, we mention that Hopf algebras G are intimately related to the objects 
Nn, n € ZmodN, introduced in eq. ( |1.1| ). To understand this relation, let us 
introduce another (auxiliary) copy, Ga, of G and let us consider the i?-matrix 
as an object in Ga G- To distinguish the latter clearly from the usual R, we 
denote it by N±, 



N^ = R-^eGa®G , N+ = R' eGa(^G 



Quasi-triangularity of the i?-matrix furnishes the relations 



2 1 12 



Aa{N±)=N±N± , RN+N^=N^N+R , (2.2) 

RN±N± = iV± N±R . 

Here we use the same notations as in the introduction, and Aa{N±) = (A (8) 
id){N±) G Ga ^ 0a ® G- The subscript a reminds us that acts on the 
auxihary (i.e. first) component of N±. To be perfectly consistent, the objects 
R in the preceding equations should all be equipped with a lower index a to 
show that R G Qa®Qa etc.. We hope that no confusion will arise from omitting 



this subscript on R. The equations (2^) are somewhat redundant: in fact 



the exchange relations on the second line follow from the first equation in the 
first line. This underlines that the formula for /S.a{N±) encodes information 
about the product in Q rather than the co-product 0. More explanations of 
this point follow in Subsection 2.3. 

Next, we combine and into one element 

N = N+{N^)-^ = R'R e Ga®Q ■ 

From the properties of N± we obtain an expression for the action of A^ on 

\.{N) = N + N +{N ^r\N ^y^ 
= R'^ N + N +R{N ^y\N ^r'^ 

= R.'^ N + {N^r'^RN + {N^r'^ 
= R-^NRN . 

As seen above, the formula for Aa{N) encodes relations in the algebra G and 
implies, in particular, the following exchange relations for A^: 

R' NRN = R'RAa{N) = R'A'^{N)R 
= NR'NR . 



This kind of relations first appeared in [^Sj. We used them in the introduction 
when describing the objects iV„ assigned to the sites of the lattice. Thus we 
have shown that, for any modular Hopf-algebra G, one may construct objects 
obeying the desired quadratic relations. 

The other direction, namely the problem of how to construct a modular 
Hopf-algebra G from an object A^ satisfying the exchange relations described 



^The co-product A of ^ acts on A^± according to A{N±) = {id (g) A)(iV±) = N±N± £ 
Ga I?) G ^ Q ■ Here N± [N±] on the right hand side of the equation have the unit element 
e £ 5 in the third [second] tensor factor 



above, is more subtle. To begin with, one has to choose hnear maps tt : Qa ^ C 
in the dual of Ga- When such linear forms vr G act on the first tensor 
factor of N Ga ® G they produce elements in Q: 

tt{N) = (vr O id){N) G Q for all n (£ G'^ . 

tt{N) G G will be called the vr-component of N or just component of N. Under 
certain technical assumptions it has been shown in |^] that the components 
of generate the algebra G- In this sense one can reconstruct the modular 
Hopf- algebra G from the object A^. 

Lemma 1 |^ Let Ga be a finite- dimensional, semisimple modular Hopf alge- 
bra and J\f be the algebra generated by components of N ^ Ga® subject to 
the relations 

NRN =RAa{N) , 

where we use the same notations as above. Then N can be decomposed into a 
product of elements N± & Ga ® A/", 

N = N+NZ'^ such that 

A{N) = N+NNZ^ eGa®M®M 

e{N) = eeGa , SiN±) = N^^eGa®^f 

define a Hopf-algebra structure onJ\f. Here, the action of A, e, S on the second 
tensor component ofN,N± is understood. In the equation for A{N) , N^jNz'^ 
are supposed to have a trivial entry in the third component while N = J2^^ ® 
e ®i N(; with e being the unit in Af and N = J2 "it-c; ^ ^ Qa ^ ■ a Hopf 
algebra, J\f is isomorphic to Ga- 

Let us remark that the ^-operation in G induces a *-operation in Af which 
looks as follows: 

iV; = iV_. (2.3) 

In our definition of the lattice current algebras below, we shall describe 
the degrees of freedom at the lattice sites directly in terms of elements S, (z G, 
instead of working with N (as in the introduction). 

The ^/-dimensional representations of Ga — G furnish a dj x (5/-matrix 
of linear forms on Ga- AVhen these forms act on the first tensor factor of A^, 
we obtain a matrix G End{V^) ^ G of elements in G, 

= T^iN) = {t^ 0id){N) . 

These matrices will turn out to be useful. 

Example: (R-matrix formalism for Zq) Let us illustrate all these remarks 
on the example of G = 2p. Recall that R = J2 q'"P^ <8> P'^ and that Zp has 
only one-dimensional representations given by T'^{g) = ■ Evaluation of the 



objects N± in representations produces elements = (t^ id){N±) G 
C ® 2q = Zq. Explicitly, they are given by 

Ar; = ^/^P, = / and AT^ = J] = 5- . 

Together with the property {t^ (8) t*)A = r'"'^* the relations (|2.2| ) become 

For N ^ Zq® Zqwe find 

N = J2Q^^'Pr®Ps and N"" = g"^"" . 

As predicted by the general theory, the elements A^*" G Zq generate the algebra 
Zq when p is odd. 

2.3 Definition of ICn- Next, we turn to the definition of the lattice current 
algebras /Cat associated to a fixed modular Hopf algebra. Before entering the 
abstract formalism, it is useful to analyse the classical geometry of the discrete 
model. Our classical continuum theory contains two Lie-algebra valued fields, 
namely r]{x) and j{x). To describe a configuration of r/, for instance, we have 
to place a copy of the Lie-algebra at every point x on the circle. On the 
lattice, there are only N discrete points left and hence configurations of the 
lattice field r] involve only A'^ copies of the Lie algebra. When passing from 
the continuum to the lattice, we encode the information about the field j{x) 
in the holonomies along links, 

jn = Pexp{ / i{x)dx) . 

J n 

Here denotes integration along the n^^ link that connects the (n — l)*** with 
the n*'* site. The classical lattice field jn has values in the Lie group. Let 
us remark that, even at the level of Poisson brackets, the variables j„ can 
not be easily included into the Poisson algebra. The reason is that j„'s fail 
to be continuous functions of the currents. Therefore, we should regularize 
the Poisson brackets (or commutation relations) of the lattice currents. This 
regularization is done in the most elegant way with the help of /^-matrices. 
This consideration explains an immediate appearance of the quantum groups 
in the description of the lattice current algebras. 

In analogy to the classical description of the lattice field r/, the lattice cur- 
rent algebras contain N commuting copies of the algebra Q or, more precisely, 
/Cat contains an iV-fold tensor product Q®^ of ^ as a subalgebra. We denote 
by Qn the subalgebra 

gn = e® ...®G® ...®e C Q®^ 

where Q appears in the n*^ position and all other entries in the tensor product 
are trivial. The canonical isomorphism of Q and Qn C Q®'^ furnishes the 
homomorphisms 

in-G ^ Q®" for all n = 1,. .. ,iV. 



We think of the copies Gn of Q as being placed at the sites of a periodic 
lattice, with Qn assigned to the n^^ site. In addition, the definition of /Cat 
will involve generators Jn,n = 1,...,A^. The generator J„ sits on the link 
connecting the (n — 1)** with the n^^ site. 

Definition 1 The lattice current algebra JCpj is generated by components ^ of 
Jn ^ Qa® fCN^n = 1; • • • along with elements in Q^'^ . These generators 
are subject to three different types of relations. 

1. Covariance properties express that the Jn are tensor operators transform- 
ing under the action of elements G Qm like holonomies in a gauge 
theory, i.e., 

l^niOJn = Jn^niO for all ^^Q 
^n-liOJn = Jnin-liO for all ^^Q (2.4) 

i'mi(,)Jn = Jni-miO fof all £ Q , m u, n — 1 modN . 



The covariance relations ^.4 ) make sense as relations in Qa ® K,n , if 
t'niO ^ Sn is regarded as an element iniC) £ Ga^^N with trivial 

entry in the first tensor factor and An(^) = {id ® t„)A(^) £ Qa ® Qn C. 

2. Punctoriality for elements Jn on a fixed link means that 

J„ J„ = RAaiJn) (2.5) 

This is to be understood as a relation in Qa ® Qa ® where Aq : 
Qa ® /Cat Qa® Qa® acts trivially on the second tensor factor Kn 
and R = R ® e £ Qa ® Ga ® K,N ■ The other notations were explained 
in the introduction. We also require that the elements Jn possess an 
inverse J~^ £ Qa® K,n such that 

JnJn — ^! Jn Jn — ^ ■ (^'6) 

3. Braid relations between elements Jn, Jm assigned to different links have 
to respect the gauge symmetry and locality of the model. These principles 
require 

12 2 1 

Jn Jm =Jm Jn if u ^ m,m± ImodN, 

12 2 1 

JnJ^ Jn+l — Jn+l Jn (2-7) 

R denotes the element R® e £ Qa® Ga® as before. 



^Recall that a component of J„ is an element 7r(J„) = (71® id){Jn) in the algebra A^jv. 



Here tt runs through the dual Q'^ of Qa 



The lattice current algebra K,n contains a subalgebra Jm generated by 
components of the Jn only. They are subject to functoriality (2.) and braid 
relations (3.). The subalgebra J'n admits an action of Q®'^ (by generalized 
derivations) such that the full lattice current algebra /Cat can be regarded 
as a semi-direct product of Jn and Q®^ with respect to this action. Our 
covariance relations (1.) give a precise definition of the semi-direct product. 

Let us briefly explain how Definition 1 is related to the description we used 
in the introduction. The relation of the Hopf algebras Qn and the objects Nn 
has already been discussed. Our covariance relations in eq. ( |2.4D correspond 



to the exchange relations between and J in the third line of eq. (1.1). They 
can be related explicitly with the help of the quasi-triangularity of i?, using 
the formula = R'R. We have, for instance, 



2 1 



NnJn = (e «) {R'R)n) Jn =Jn [{id An){R' R)]213 
= Jn R{e0{R'R)n)R' =JnRNnR' , 

where we use the notation {R'R)n = {id in){R'R) € Ga ® Qn and R = 
{R® e) G Ga ® Ga (Si ICn 8ls usual. [.]2i3 means that the first and the second 
tensor factors of the expression inside the brackets are exchanged. For finite- 
dimensional semisimple modular Hopf algebras G, Lemma 1 implies that one 
could define ICn using the objects A^^^ G Ga^Gn C Ga®K^N instead of elements 
r] S G'^'^ ■ The generators A^^^ would have to obey the exchange relations stated 
in eq. (|1.1| ) and 

N nR N n = R^a{Nn) ■ 

The functoriality relation for J„ did not appear in the introduction. But 
we can use it now to derive quadratic relations for the J„ in much the same 
way as has been done for A'^, earlier in this section. Indeed we find 

^12 ^ ^ ^ 

R Jn Jn = R RAa{Jn) = R Aa{Jn)R 

2 1 

Jn Jn R ' 

This exchange relation is the one used in the introduction to describe the 
lattice currents J„. When the first two tensor factors in this equation are 
evaluated with representations of — ^ one derives quadratic relations for 
the A^AT-valued matrices 

4 = (r^ (8) id){Jn) G End{V^) ® Kn ■ 

As we discussed earlier in this section, elements in the algebra ICn can 
be obtained from J„ with the help of linear forms vr G To understand 
functoriality properly one must realize that it describes the "multiplication 
table" for elements iT{Jn) € /Cat. If we pick two linear forms vri,7r2 G G'a on 
Ga, the corresponding elements in /Cat satisfy 



vri(J„)7r2(J„) = (vri ® 7r2)(i?A(J„)) 



We can rewrite this equation by means of the {twisted} associative product * 
for elements -Ki G Q'^, 

(vri *7r2)(0 = (vTi ® 7r2)(i?A(^)) . 
It allows us to express the product ■Ki{Jn)T^2{Jn) in terms of the element 

vri(Jn)vr2(Jn) = (tti * 7r2)(J„) for all 7ri,7r2 S Q'^ ■ 

Remark: It may help here to invoke the analogy with a more familiar sit- 
uation. In fact, the Hopf algebra structure of G induces the standard (non- 
twisted) product • on its dual G' , 

(vri ■ TT2){0 = K «) vr2)(A(e)) for all C^G . 

Let us identify vr G with the image tt{T) = (tt ® id){T) of some universal 
object T G Qa® Q' and insert T into the definition of the product •, 

7ri(r)^2(T) = (vri 7r2)(A^(T)) = (vn • ^2)(T) . 

Here and in the following we omit the • when multiplying elements 7r(T). The 
derived multiplication rules for components T G Qa ® Q' are equivalent to 
the following functoriality 

T T = Aa{T) 

12 2 1 

and imply RTT-relations: RT T =T T R ■ 

Such relations are known to define quantum groups, and hence our variables 
Jn describe some sort of twisted quantum groups. This fits nicely with the 
nature of the classical lattice field jn- As we have noted earlier, the latter 
takes values in a Lie group. 

We saw above that the definition of a product for components of J„ im- 
plies the desired quadratic relations. The converse is not true in general, i.e. 
functoriality is a stronger requirement than the quadratic relations. In the 
familiar case of Uq{sl2) for example, functoriality furnishes also the standard 
determinant relations which are usually "added by hand" when algebras are 
defined in terms of quadratic relations. Due to functoriality we are thus able 
to develop a universal theory which does not explicitly depend on the specific 
properties of the Hopf algebra Q. 

We have shown that the mathematical definition of /Cat represented in this 
section agrees with the description used in the introduction. The algebra /Cat 
now appears as a special example of the "graph algebras" defined and studied 
in iQ] to quantize Chern-Simons theories. This observation will enable us to 
use some of the general properties established there. 

The most important one among such general properties is the existence of 
a *-operation. On the copies Qn, a *-operation comes from the structure of 



the modular Hopf-*-algebra Q. Its action can be extended to the algebra JCjy 
by the formula 

"^n — ^n^ Jfi^ ^n-l , (2-8) 

where 5^ = {id (g) in)[A(K~^)(K (g) k)R^^] e Ga ^ Qn C Ga ® Here t„ : 
^ — > ^„ C /Cat is the canonical embedding, and the central element n ^ G 
is a certain square root of the ribbon element v, i.e. = v (cp. Q for 
details) . Let us note that the formula ( |2.8D can be rewritten using the elements 
Nn,± & Ga®Gn Constructed from the i?-element according to 

Nn,+ = {id ® in){R') , Nn,- = {id ® Ln){R'^) . 

The conjugate current is expressed as 

J* = iV^ij-liV„_i,_ {Kn-lKn) ■ (2.9) 

Here Kn-i = in-i{i^)-, = in{i^)- In order to verify the property (J^)* = Jn, 
one uses the following identities: 

V~\JnVn-l = VaN~\jn , JnVn = V'^JnNn, 

where Va is the ribbon element in the auxiliary Hopf algebra Ga- The ribbon 
elements v at different lattice sites generate automorphisms of the lattice 
current algebra which resemble the evolution automorphism in the quantum 
top i. 

Example: (^T/ie U{l)-current algebra on the lattice) It is quite instructive to 
apply the general definition of lattice current algebras to the case G = Zq. 
Recall that Zq is generated by one unitary element g which satisfies g^ = 1. 
Representations of G were labeled by an integer s = 1, . . . ,p— 1, and T'^{g) = 

with q = exp(27ri/p). We can apply the one-dimensional representations 
to the current Jn ^ Ga®K,N obtain elements = T^{Jn) = {t''^ ®id){Jn) G 
/Cat. Functoriality becomes 

JS jt _ ts js+t 

where we have used that {t^ r*)Aa(^) = r'*+*(,^) and (r'* (g) r*)(i?"^) = q~^^ 
(s + t is to be understood modulo p). The relation allows to generate the 
elements J* from € KLn. Observe that is the unit element e in the 
algebra /Cat. From the previous equation we deduce that the p*^ power of the 
generator is proportional to e, 

(ji)P = qP(P-^y^jP = qP(P~'^y^e . 

This motivates us to introduce the renormalized generators Wn = g^^~^^^'^Jn ^ 
ICn which obey ujP^ = e. In the following it suffices to specify relations for the 
generators Wn and gn = i^n{g) of /Cat. The covariance equations ( |2.4| ) read 



gnWn = qWngn , Wngn-1 = qOn-lWri 



since {t^ id)A{g) = qg. The exchange relations for currents become 



WnWn+l = q Wn+lWn ■ 

The identity A{k~^){k ^ k)R^^ = e^e with k = J2 Q~^^^'^Pr finally furnishes 

-1 



At this point one can easily recognize the algebra of Wn's as the lattice U{1)- 
current algebra |12|. 



2.4 The right currents. Let us stress that there is a major ideological difference 
between our discussion of lattice current algebras and the work in Q . In the 
context of Chern Simons theories, the graph algebras were introduced as aux- 
iliary objects, and physical variables of the theory were to be constructed from 
objects assigned to the links, i.e. from the variables J„. Here the J^'s rep- 
resent only the left-currents, and we expect also right- currents to be present 
in the theory. They are constructed from the variables J„ and the elements 
(,n £ Gn and hence give a physical meaning to the graph algebras. We define 
a family of new variables ^ Qa ^ ^iv on the lattice by setting 

The turn out to provide the right currents in our theory. For the rest of 
this section we will use the symbol to denote the original left currents J„. 

Proposition 2 (Right-currents on the lattice) With S Qa® defined 
as above, one finds that 

1. the elements and commute for arbitrary n,m, 

'Jn 'Jm, 'Jm, 'Jn i 

2. the elements satisfy the following exchange and functoriality rela- 
tions 

'Jn+l^ 'Jn — Jn+\ J (2.10) 

= i?A,(J^) . (2.11) 

(Here we are using the same notations as in the definition of the lattice 
current algebra above.) 

If we denote the subalgebra in /Cat generated by the components of left 
currents by J'^ and, similarly, use J'J^ to denote the subalgebra generated 
by components of J^, the result of this proposition can be summarized in the 
following statement: J'J^ and Jjy form commuting subalgebras in /C^r, and J'Jf 
is isomorphic to {J^)op- Here the subscript op means opposite multiplication. 



Both statements have their obvious counterparts in the continuum theory (cp. 
Eq. O). 



Example: (The right U{1)- currents) We continue the discussion of the U{\)- 
current algebra on the lattice by constructing the right currents. Our general 
theory teaches us to consider 

Wn = 9nWn^gn-l ■ 

Here Qn = N^^j^ = in{g) and Qn-i = -^n-i,- — '^n-iid)- The reader is invited 
to check that these elements commute with it;^ = Wn- 

2.5 Monodromies. In the continuum theory one is particularly interested in 
the behavior of the chiral fields g^{x) = P ex.p{J(^ j'^ {x)dx) under rotations by 
27r, i.e. the monodromy of . Here and in the following, C stands for either 
£ or 7^. The monodromy of g^ is determined by the expression 



c 

m 



P exp{(j) 2" {x)dx) . 



Due to the regularizing effect of the lattice, left and right monodromies, 
M^,M'^, are relatively easy to construct and control for our discrete cur- 
rent algebra. They are obtained as an ordered product of the chiral lattice 
holonomies or along the whole circle, i.e. 

= vl'^j[j^---J^ and (2.12) 
= vl-'^j'^-^-J^jf . (2.13) 

When we derive relations for the monodromies, it is convenient to include the 
factors involving Va = v®e € Qa®^N- The definition in terms of left and right 
currents produces elements and in Qa'^K,^. Their algebraic structure 
differs drastically from the properties of the currents J„. We encourage the 
reader to verify the following list of equations: 

Ao(OM^ = M^Ao(0 , A'o(OM^ = M^A'o(0 

for all i eg and with A^(C) = (id«)io)(A'(C)) = {id®iQ){aoA{^)). The func- 
toriality relations are familiar from Subsection 2.2 and imply that the algebra 
generated by components of the monodromy or M''^ is isomorphic to Q 
or Qop. There are several places throughout the paper where this observation 
becomes relevant for a better understanding of our results. 

As usual, we may evaluate the elements in irreducible representations 
of Qa- This results in a set of /Ctv valued matrices M^'^ = (r^ ® id){M^). 
Their quantum traces 

4 ^ trW^') 



are elements in the algebra K-n which have a number of remarkable properties. 
First, they are central elements in the lattice current algebra /Cat, i.e. the Cq 
commute with all elements ^ € /Ctv- Even more important is that c^, C£ G /Cat 
generate two commuting copies of the Verlinde algebra ||2^. Explicitly this 
means that 

44 = Y.NkC^ and {4r = c§ 

for C = TZ,C Here and in the following K denotes the unique label such that 
= 1, and stands for the trivial representation = e. If the S'-matrix 
Si. J = ^{ir^j trg){R'R) is invertible, and M is suitably chosen, the linear 
combinations 

x'c = T.^djSjjci 
J 

provide a set of orthogonal central projectors in /Cat, for each chirality C = 
TZ, £, i.e., 

xcXc = ^iJXc > ixcT = xc 

Proofs of all these statements can be found in Q . We will see in the next sec- 
tion that products XcX'n provide a complete set of minimal central projectors 
in the lattice current algebra or, in other words, they furnish a complete set 
of characteristic projectors for the irreducible representations of /Cat. 

Example: (The center of the lattice U{1) current algebra) In terms of the 
variable Wn = q^^^^^^'^Jn = ~Q^^'^Jn (cf- Subsection 2.3 for notations), the 
definition of the monodromy M^'^ = (r^ (8) id){M^) becomes 

In this particular example, the quantum trace is trivial so that = M^'^. It 
is easily checked that c^ commutes with all the generators Wn,gn ^ and 
that it satisfies 

{clY = cl = e . 

Of course, this relation follows also from the formula C£C£ = Yl, ^t^^'^c ~ '^z^- 
Similar considerations apply to the right currents. 



2.6 The inductive limit /Cqo- So far, the lattice current algebras /C_^ depend on 
the number of lattice sites, and one may ask what happens when tends to 
infinity. A mathematically precise meaning to this question is provided by the 
notion of inductive limit. The latter requires an explicit choice of embeddings 
of lattice current algebras for different numbers of lattice sites. They will 
come from some kind of inverse block-spin transformation |13]. 

Suppose we are given two lattice current algebras K.^ and /Cat+i with 
generators Jn,"- = 1,...,A^ and Jm^fn = 1,...,A^ + 1 respectively. The 
embeddings of Q into Kn ox /Cat+i will be denoted by in or ira- An embedding 



In '■ ^ K-N+i is furnished by 



lN{Jn) = Jn for all n< N, 

7n{Jn) = v~^JnJn+i and 

IN MO) = i^niO for ah n < iV , 

iNi^-NiO) = i^N+iiO ■ 

The intuitive idea behind is to pass from /C^r to ICn+i by dividing the 
A^*'* link on the lattice of length N into two new links, so that we end up 
with a lattice of length A'" + 1. Observe that 77V maps the monodromies 
M G (8) /Cat to M G (g) /Cat+i, and, consequently, the same holds for our 
projectors Xc^Xn ^ JCn and Xc^Xn ^ I^N+i, 

1n{xc) = Xc , lN{xn) = xi ■ (2.14) 

Since the set of numbers A'" is directed, the collection of /Cat, together with 
the maps jn, forms a directed system, and we can define the inductive limit 

/Coo = lini JC]\f . 

N~*oo 

By definition, /Coo = Ua^ ^Af/ ~ where two elements An € ICn and An' G /Cat' 
are equivalent, iff ^a^ is mapped to An' by a string of embeddings 7m, i.e., 
^N' = iN'-i o • . . o 7Ar+i o 7Ar(^Af). For the lattice C/(l)-current algebra, a 
detailed investigation of this inductive limit was performed in . 

We have chosen to define the block-spin transformation by dividing the 
N^'^ link of the lattice. Now we introduce another block spin operation by 
dividing the 1** link of the lattice: 

lN{Jn) = Jn+1 for all n > 1, 
7n{Ji) = Va^JiJ2 and 
IN MO) = i^n+iiO for aU n . 

Notice that the two block-spin operations 'commute' with each other: 7Ar+i ° 
In = 7Ar+i ° 7Af. While the map 7Ar is used in the definition of the inductive 
limit, we reserve 7Ar for the definition of the co-product for lattice current 
algebras (see Section 4). 



3 Representations of the Lattice Current Algebra 

The stage is now set to describe our main result on the representation theory 
of the lattice current algebras. We will begin with a much simpler problem 
of representing two important subalgebras of JCn- Their representations will 



serve as building blocks for the representation theory of the lattice current 
algebra Kn- 

3.1 The algebra U. The lattice current algebras /Cat contain N — 1 non- 
commuting holonomies Ui,,^ = 1, . . . , N — 1, 

The objects JJy commute with all elements in the symmetry algebras 
except the ones for n = and n = v. These properties of JJy remind us of 
holonomies in a gauge theory, which transform nontrivially only under gauge 
transformations acting at the endpoints of the paths. Together, the elements 
in t^o <^ C /Civ and the components of Uy generate a subalgebra, lAy^ of the 
lattice current algebra /Cjv. These subalgcbras lAi, C /Cjv are all isomorphic 
to the algebra U which we investigate in this subsection. We begin with a 
definition of U. 

Definition 3 The algebra U is the *-algebra generated by components of ele- 
ments U, & Qa'S'U together with elements in Qq ® Qi such that 

UU = RAa{U) , 

and is the inverse ofU. Here we use the same notations as in Subsection 
2.3. In particular, to,i denote the canonical embeddings ofQ into QqiSiGi- The 
* -operation on U extends the if -operation on <^ C U, so that 

U* = S^^U'^So . 

Here Si = {idiS> h){A{k~^){k^ k)R'~^) G Qa^U for i = 0, 1, and k is a certain 
central square root of the ribbon element, as before. 

The algebra 14 admits a very nice irreducible representation, D, which is 
constructed by acting with elements in ^ on a "ground state" |0). The state 
|0) may be characterized by the following (invariance-) properties 

ii(O|0) = |0)e(0 for all i = 0, 1 

where e is the trivial representation (co-unit) of Q. Here and in the following 
we neglect to write the letter D when elements in U act on vectors. Since 
we are dealing with a unique representation of ^, ambiguities are excluded. 
While the preceding formula means that |0) is invariant under the action of 
Qq^Qi^ the components oiU E Qa®U create new states in the carrier space, 
5ft, of the representation D, 

\Tr) = Tr{U)\(}) = {tt ® id){U)\0) G 3? 



for all vr G In particular, one identifies |e) = |0) because e{U) = = e. 
We can think of the vectors Ivr) as coming from a universal object u (z Ga®^, 
i.e., 

Ivr) = 7r(n) = (vr id){u) . 

In other words, u = U\0). A complete description of the representation D on 
K is given in the following proposition. 

Proposition 4 (Representation oiU) There exists an irreducible *-represen- 
tation D of the algebra U on a carrier space ^ such that 

U u = RAa{u) , 
(e ii{0)u = (g) e) , ie®Lo{0)u = {<S{0®e)u . 

Here u £ Ga ® ^ o,nd Aa(ii) = (A (8) id){u). The representation space Jft 
contains a unique invariant vector |0) G K. 

Proof: The formulas for the action of Z// on 3? follow from u = U\Q) € 
<8> K by using the invariance of |0) under the action of and io(0- 

particular, we have that 

IJu = [7 f7|0) = i?A«(C/)|0) 
= RAa{u) and 

(e®ii(0)n = UAi{C)\0) = U \0) {id® e)iA{()) 
= (g) e) . 

To derive the action of Go on K we rewrite the equation Ulo{£,) = Ao(^)f7 
according to 

toi^U = {S{^l)®e)U{e(®io{Cl)) . 

Here we have inserted the expansion A(^) = <8> and used some stan- 
dard Hopf-algebra properties of the antipode S. Then one proceeds as in the 
computation of ii{£,)u to obtain the last formula claimed in Proposition ^ 

Observe that the formulas in the preceding Proposition define an action 
- not a co-action - of the algebra U on the representations space ^. Again, 
it is important to keep in mind that the co-product A in the first formula of 
Proposition ^ acts on the first tensor factor Ga of u G Ga'^ In terms of the 
multiplication * in G' (cf. Subsection 2.3) one has that 

'^i{U)\tt2) = \tti * 7T2) 

for all 7ri,7r2 S G'- Consequently, the components 7r{U) act on K as some 
kind of (twisted) multiplication operators. Furthermore, the matrix elements 
of = t\u) G Endiy^) ® 3ft span a (5|-dimensional subspace of 3ft which is 
invariant under the action of Go(E'Gi C U. With the help of Proposition ^ we 
deduce 



for all ^ G ^ and with Li{^) = {e^ 'Si niO), where is the unit element in 
End(V^). The two formulas furnish the following decomposition of 3? into a 
direct sum of Qq ^i-modules, 

SR^0F^®F^ , (3.1) 
I 

where is dual to and the sum extends over the classes of irreducible rep- 
resentations of Q. Si C coincides with the one-dimensional subspace 
spanned by |0). All these features of the representation space 3? resemble 
those of the algebra of square-integrable functions on a Lie-group G with its 
characteristic action of left and right invariant vector fields. This similarity is 
not too surprising and can be traced back to the analogy between the objects 
U and T. In Subsection 2.3, T was found to satisfy ^^RTT- relations" which 
are the key ingredient in the deformation theory of groups G. 

Mainly for technical reasons we finally look at a certain subalgebra V of 
U and its action on 3?. 

Lemma 2 Let V be the subalgebra ofU which is generated by elements ^ E Gi 
and components ofU. When the representation D oflA is restricted toT> dU 
it furnishes an irreducible representation DofVon 

Proof: To prove this Lemma we show that every vector |7r) in the repre- 
sentation space K is cyclic under the action of D. Since 5? contains the cyclic 
vector |0), our task simplifies to the following problem: show that for every 
Ivr) G 3? there is a representation operator G D{'D) such that A^j-Itt) = |0). 
For the proof it is crucial to find the projector on |0) in D{V). It is con- 
structed from the minimal central projector (z Q that corresponds to the 
trivial representation e = t'^ . By definition, P° satisfies t\P^) = Sj^q, so that 

Li{P')W) = \0)7r'{P') 

holds for all tt' G Q'. The other ingredient we need below is a distinguished 
element fJL - called the right integral oi Q - with the properties 

Now we choose G ^ such that 7r(^7r) = 1. A short technical computation 
shows that 

(e®Co)A(P°) = (5(«-%)®e)i?A(pO) , 

where u = g~^v G Q and g was introduced in Subsection 2.1. We abbreviate 
r]o = S{u'~^^q) and regard r]oas& map from Q toQ acting by left multiplication 
so that fiorjo makes sense as an element in Q'. Let us define 



^^ = ti(pO)(/xor?o)(C/) 



The following calculation proves that At^Itt) = |0) and hence completes the 
proof of the lemma. 

A^\n) = ii{Po){tio7]o){U)\TT) 

= ii(-Po)|(/^o?/o) *7r) 

= |0)((/ior/o)*7r)(Po) 

= |O)(^0 7r)((r?o^e)i?A(Po)) 

= |0)^(CoH^°) = |0) . 

The algebra P is a semidirect product of Q and its dual Q' , the latter being 
supplied with the twisted product * that we discussed in Subsection 2.3. In 
this light, V appears as a close relative of the deformed cotangent bundle T*G 
over a group G which differs from the structure of V only through the use of 
the standard product • in G' ■ 



Example: Let us continue our tradition and illustrate the theory with the 
example G = Zg. The algebra U is then generated by the unitary elements 
go, 91 and w satisfying 

ujP = 1 , giw = qwgi , wgo = qgow 

and go commutes with gi (cf. Subsection 2.3 for further details). States in $ft 
are created from a ground state |0) with invariance properties 

5i|0) = |0) and go|0) = |0). 

Through iterated application of w on jO) we may produce p linearly indepen- 
dent vectors 

\r)=w''\0) for r = 0,...,p-l . 

Specializing the proof of Proposition ^ to our example, we obtain 

gi\r) = q'w'gilO) = q''\r) 

and similarly for go- This shows that the one-dimensional subspace spanned 
by \r) corresponds to the summand V'^ ® V^' in the decomposition of 3?. 
The subalgebra V oiU is generated hy g = gi and w, with Weyl commutation 
relations 

wg = qgw 

and g^ = e = w^. It acts irreducibly on the p-dimensional space 3?. 



3.2 The algebra fC. Before we deal with the general situation, it is helpful to 
study the simplest example of a lattice current algebra for which the lattice 
consists of only one (closed) link and one site, i.e., the case = 1. Strictly 
speaking, /Ci has not been defined above. So we must first give a definition. 



Definition 5 (The algebra /C) The *-algebra /C = /Ci is generated by compo- 
nents of M, M^^ Qa®^ dnd elements £ G with the following relations 

MRM = RAa{M) , 
A(^)M = MA(^) for all ^ (£ G 

is the inverse of M , so that M~^M = e = MM^^. The action of* is 
extended from Q to IC by the formula 

M* = S-^M-^S , 

where S = A{k~^){k ® k)R~^ , as before. 

Components 7r(M) of the monodromy M can be represented on the carrier 
spaces of the representations of ^. This is accomphshed by the formula 

D\^{M)) = {tt(^ t^){R'R) € End{V^) 

for all linear forms n (z G'a on Qa- An equivalent universal formulation without 
reference to linear forms vr is 

D^{M) = {id T^){R'R) GGa® End{V^) . 

Indeed, one may check that such an action on is consistent with the func- 
tor iality of M, i.e., with the first relation in Definition 5, 

D^iMRM) = {id(^id(^T^)[R[sRi3Ri2R23R23] 

= {id (S>id(g> T^)[R[^R'23Ri2Ri3R23] 

= {id id r^) [i?i2^23 ^'13^13^23] 

= {id(S)id0T^)[Ri2{A0id){R'R)] 

= R{Aa®id){D\M)) . 

From our discussion in Subsections 2.4, 2.5 we know already that Ga ® ^ 
contains not only the left monodromy M'^ = M but also the right monodromy 

= NZ^M'^N+ €Ga(S)JC with 
N+ = R' , iV_ = R-^ . 

Here N± are regarded as elements in t/^ (g) ^ C Ga ® as before. Since 
the components of M'~ and commute, they can be represented on spaces 
® V"^ such that the right /left-monodromies act trivially on the first /second 
tensor factor, respectively. This action of left and right monodromies on 

can be extended to an action of the entire algebra IC. Actually, the algebra JC 
is isomorphic to the Drinfeld double of ^ [23, 21 1. 



Proposition 6 (Representations of /C) The algebra /C has a series of irre- 
ducible * -representations, D^^ , defined on the spaces W^^ . Explicitly, the 
action is given by 

D^\M) = {id®T^){R'R) , 

Here D^'^{M) ^ Qa^ End{V^) is regarded as an element of Ga ® End{W^'^) 
with trivial action on the second tensor factor in W^^ . 

Proof: To check the representation property is left as an exercise to 
the reader. It may be helpful to consult Theorem 12 of |^. Irreducibility 
follows from the fact that the action of the monodromies on the spaces is 
irreducible (cf. Lemma 1 of [P). 

Example: For Q = Zq, the definition of /C furnishes an algebra with genera- 
tors c = c]r and g such that 

cP = \ , g^ = \ and eg = gc . 

Some explanation can be found at the end of Subsection 2.5. The abelian 
algebra IC has one-dimensional representations, D**, on spaces W^* labeled by 
two integers s,t = 0, . . . ,p — 1, 

D^\c)=q' , D-^\g)=q^+' , 

where q = exp{2Tii/p). For comparison with the general formulas in Proposi- 
tion ^, one should keep in mind that g \s a, generator of the algebra Q while c 
coincides with the element r^(M) € /C, up to a scalar factor. 

3.3 Representations of ICn- In representing the full lattice current algebras 
/Cat it is convenient to pass to a new set of generators: Let us define elements 
Uy ^ Qa(^ /Cat, = 1, . . . , — 1, as above by 

Then the U^^ together with M = and the elements ^ Qn^n = \, . . . ,N, 
generate /Cat. They obey the following relations 



Uy Uy 


= RAaiU,) , 


MRU 


= RAaiM) , 


R' Uu U^. 


= U^U^ for 1 < 1/ < /i < iV - 1 


R' Uy M 


= MR' , 


MOM 


= MAo(e) for ceg , 




= U^A^iC) for (eg , 




= UMO for (eg . 



We infer that /Cat contains (A^ — 1) copies of the algebra U generated by 
Uu,Gu,Go and one copy of the algebra IC generated by M = and Go- 
These subalgebras do not commute, but the non-commutativity is felt only 
by Uu,M and Qq. In any case, the exchange relations motivate us to look for 
representations of the lattice current algebra /Cat on spaces 

Wl/ = 3f?®^-i (g) W^^ . (3.3) 

To state the formulas we introduce the notation D^, v = \, . . . ,N — 1, which 
stands for the representation D of the algebra lAy on the v*'^ factor of the 
tensor product ( |3.3D , i.e., for every X ^Uy, 



Di,{X) =idi0 ...(g) idu-i D{X) (g) id^+i . . . <S) idN-i «> Id , 

where id^ acts as the identity on the //*'^ factor in Wj/ , and Id is the 
identity on W^^ . Similarly, D^'^ denotes the action of the subalgebra K, C Kn 
on the last factor W^'' in Wj/ . 

The map io embeds elements of Q into all the subalgebras Uy of the lattice 
current algebra Kjq. Hence Q acts on each tensor factor 9? in Wj/ indepen- 
dently with the help of representations Dy. We employ the co-product A on 
Q to obtain a family "d^, v = 1, . . . , N , oi ^/-actions on Wj/ . In the following, 
1?! is the trivial representation, -di = e, and 

'^uiO = {Di m ■ ■ ■ m Dv-i){'^o{i)) 'gidy® ... id^-i (8> Id 

for all Q. The symbol h denotes the tensor product of representations. 

With these conventions we are prepared to define representations of /C^v 
on Wl/ . The essential idea is borrowed from the well known Jordan- Wigner 
transformation. In fact, in writing the actions of our generators on W^"^ we 
have to relate the C/,y's and M (which obey non-trivial exchange relations 
among each other) to the operators Diy{U,y) and D^^ [AI). The latter act on 
different tensor factors in Wj/ and hence commute. In analogy with the 'tail'- 
factors nr=o "^f °f Jordan- Wigner transformation, we will employ tails of 
i2-matrices to express the Uy in terms of Dy{Uy) and M in terms of D^'^{M). 
Related constructions appear in Majid's 'transmutation theory' (see e.g. [p^). 

Theorem 7 (Representations of ICn) The algebra Kn has a series of irre- 
ducible * -representations Dj^ realized on the spaces Wj/ given in equation 
(3.S). In the representation Dj/ , the generators of Kn act as 

Di/iUu) = {id(^^u){R'^)Dy{Uy) , 

D\^{M) = {id(^^N){R'^)D^\M){id®^N){R) , 

DnMO) = D.MO) for iy = l,...,N-l , ^eG , 

DnMO) = i^N ® D'J){Ao{0) for all i^Q . 

Every * -representation of KLn can be decomposed into a direct sum of the 
irreducible representations Dj/ . 



Proof: The proof is similar to the one of Theorem 15 in [^. Although we 
do not present the details, we stress that the factors (id produce 
"tails of i?-elements" which are responsible for the correct exchange relations 
of Uu,M in the representations . From the definition of 'dy and quasitri- 
angularity of R we infer (for u > 1) 

{id ® ^y){R-^) = R^Rii . . . Ri^ . 

Here it is understood that the second tensor factor of Ri^ is represented on 
the /i*'' factor 3? in W^^^ with the help of o tg- A simple example suffices 
to illustrate how nontrivial exchange relations between Uy,M arise in our 
representations 

Dn{R'i2UiU2) = Rl2Dl{Ui)R2iD2{U2) 

= R'l2iR'l2r'R2iDl{Ul)D2iU2) 

= R^iD2{U2)Di{Ui) 
= Dn{U2Ui) ■ 

These equations are to be understood as equations in Qa "S) Ga "S) End{Wj/). 
To reach the second line, we insert the exchange relation of Ui with elements 
^-iid quasi-triangularity of R^^. Then we use that the images of Di and 
D2 commute. 

Irreducibility of the representations D\q follows from the case = 1 which 
we have treated in Subsection 3.2, together with Lemma |2| of Section 3.1. 

It is quite instructive to evaluate the projectors Xn (defined at the end 
of Subsection 2.5) in the representations -D^. The answer is given by (cf. Q) 

As we have promised above, the elements X^Xji ^'^^ characteristic projectors 
for the irreducible representations of the lattice current algebra Km- 

The representation theory described here survives the limit in which N 
tends to infinity. With the help of our embeddings '■ ^ ^N+i (see 
Section 2.6) we can define an action Dj/_^_^ o 77V of the lattice current algebra 
ICn on ly/r+i- It is, of course, no longer irreducible, so that W^/r+i decom- 
poses into a direct sum of irreducible representations of the algebra /Cat- The 
observations made in the preceding paragraph combined with formula ( 2.14| ) 
furnish an isomorphism 

of /Cat modules, with ^ being a multiplicity space of the reduction. In par- 
ticular, all the irreducible subrepresentations of the /CAr-action on Wl/_^i are 
isomorphic to D^j^ . This implies that the inductive limit for the directed sys- 
tem (JCnj^n) splits into independent contributions coming from the simple 
summands of /Cat. Since inductive limits of simple algebras are simple, we 



conclude that /Coo possesses irreducible representations on . As for 
the algebras /Cat, the labels /, J run through the classes of irreducible repre- 
sentations of G. 

Example: (Representations of the U{l)-current algebra) To discuss the rep- 
resentation theory of the U (l)-current algebra, we introduce the generators 

which agree with = {t^ ®id){Ui,), up to a scalar factor. The whole algebra 
/Cat is generated from the elements g^, £ Gu C. JCn, the monodromy c € JCn 
and the holonomies & ICn such that 

Vu9o = qgoVu , 
for u < fi , 
for all = 1,... ,A^- 1 

and c commutes with every other element. Vectors in the carrier space of 
are denoted by 

\ri,r2, . . . ,rN-i)s,t , 

where riy, s,t = 0, . . . ,p — 1. We can easily define an action of our generators 
on such states, 

Vu\ri, ...,r^,... ,rN-i)s,t 
gu\ri, ...,r„,.. .,rN-i)s,t 

go\ri, . . . ,rN-i)s,t 

c In, . . . ,rN-i)s,t 

The numerical factor on the right hand side of the first line is an example 
of the "tail of i?-elements" discussed above. A similar term usually appears 
in the action of monodromies M but is absent here. It can be seen that the 
contributions from (id(i^'diy){R~^) and {id(Si'&iy){R), which occur in the general 
expression of Dj/{M), cancel for D'j^{c), since all irreducible representations 
r'" of Zg are one-dimensional. 

From the experience with conformal field theories we expect that the diag- 
onal representation Dj^ on the Hilbert space TC = 0j W^/ is particularly 
relevant. Here we just wish to remark that this representation can be realized 
by a very natural construction. Indeed, it was observed (cf. 0]) that algebras 
such as /Cat admit a distinguished invariant linear functional uj : ICn ^ C, 

for all ^ € Gmn S ZmodN and = {t^ (g) id){Jn), as usual. When the 
quantum dimensions di are positive, this functional is positive and hence 



g„Vi, = qvygy 
gl = gl = d' = vl = l 



.ri + ...+r^-l I 



In, ...,ry + l,.. .,rN-l)s,t 
q''"\ri,...,ry,...,rN_i)s,t , 



g^'lri, . . .,rN-i)s,t 



furnishes - by the GNS construction - a Hilbert space Tii^ together with a 
representation vr of JCjy on Huj- If |0)^ denotes the GNS vacuum, states in "H^ 
are obtained from 

Jl ■ ■ ■ J/v' |0)aj • 

The formula shows that 7^^ is isomorphic to the diagonal sum Ti = 0j WjJ = 
s)[j®]v_ p^T^ explicit evaluation of c|j^£ on Tii^ establishes an isomorphism of the 
two spaces as /Cat modules. 

Proposition 8 The GNS-representation arising from the state uj : K-n — > C 
is unitarily equivalent to the diagonal representation 0j W^^ of the lattice 
current algebra. 

The quantum lattice analog of the group- valued local fields of the WZNW 
model act in this diagonal representation ||2|, ^. 



4 Product of Representations 

All continuous current algebras are equipped with a trivial co-product which 
can be written for Fourier modes of currents j{n) as 

A{j{n)) = j{n) + jin). (4.4) 

From the point of view of CFT this co-product is not satisfactory, because 
it changes the central charge of representations. In the framework of CFT, 
the central charge is characteristic of the model, and one must define a new 
co-product which preserves it. Such a co-product is provided by the structure 
of CFT p|, 0: 



^CFTiJin)) = j{n) 1 + 1 «, V Clz^-'^m- (4.5) 



k<n 



Here = n\/k\{n — k)\ are binomial coefficients. Observe that the co-product 
^CFT is not symmetric and explicitly depends on the parameter z. The aim 
of this section is to introduce a lattice counterpart of IS.cft- 



4.1 Co-product for lattice current algebras. Because lattice current algebras 
are labelled by the number of lattice sites, it is not necessary that both current 
algebras on the right hand side of the co-product correspond to chains of the 
same length. We shall define a family of embeddings 

^M,N ■ /Cm ® /Cat (4.6) 

for any N and M. The homomorphisms Am,n determine an action of JCn+m-i 
on the tensor products W[/ (8> W^^ of representation spaces for JCm and /Cat. 
Pictorially, Am,n corresponds to gluing two closed chains of length M and 
by identifying some site of the first chain with some site of the second 



chain. In this way, the co-product Am,n exphcitly depends on the positions 
of the identified points. This property is similar to the z-dependence of A^prp. 
Below, we always assume that the enumeration starts from the gluing points, 
so that this extra parameter does not show up in our formulas; in the same 
fashion one can put e.g. z = 1 in the continuum theory. 

After gluing we cut the resulting eight-like loop at the middle point and 
get one connected chain of length N + M — 1. Similarly to A^prp^ the co- 
product Am,n depends on the order in which M and A^" appear. Next, we 
present the constructive description of Am,n- 

Let us denote the left currents of /Cat by J^, n = 1, . . . ,N, and similarly 
by Jm)"^ = 1, . . . ,M, the left currents of K-m- Jn Jm regarded as 
elements in Q ® Km ® K-n with the property 

1 2 „ 2 „ 1 
T" T P — J P J a 

for all n, m. In addition to the left currents, we need N + M commuting copies 
of the symmetry algebra Q to generate Km Kn- 

With these notations we can define the announced embedding 

Am,N '■ K^N+M~l K,M ^ K^N ■ 

It maps the generators Jp, p = 1, . . . , N + M — 1, of Kn+m-i in the following 
way to generators of Km ® /Cat : 

' for p = 1,...,M- 1 

J%N^J^ for p = M 

Jp-M+i for p = M + l,...,N + M -2 

_ J^(7V^)-i for p = N + M-l 



Am,n{Jp) = ' 



(4.7) 



where A^" = Nq^^. For elements ^ G ^, we define 

r i^(0'»e for p = l,...,M-l 

An,mM0) = 1 e^i^p^M^^i^) for p = M,...,N + M -2 (4.8) 
[ {i^^4){A{0) for p = N + M-l 
where e means the unit element in Km or Kn- 

Proposition 9 The map Am,n ■ K,n+m-i ®Kn defined through eqs. 



(4^) and (4i^), is an algebra homomorphism. 



One can prove this proposition by directly verifying the defining relations for 
Kn+m-1- In order to justify calling Am,n a co-product, we need some kind of 
co-associativity. For lattice current algebras this holds in the following form. 

Proposition 10 The family of homomorphisms Am,n satisfies the following 
property 



{id (g) An,l) o Am,l+n-i = (Am.at (8) id) o Am+n-i,l- (4.9) 



Applying our formulas for Am,n twice to the generators of ICl+m+n-2 one 
easily sees that the homomorphisms on the left and on the right hand sides of 



(4.9) coincide. 

Let us notice that along with the co-product A one can introduce a co- 
product A defined by 



Aai,n{Jp 



J? 

Jt 



(3^-1 jl3 



-M+l 



for 
for 
for 
for 



P 
P 
P 
P 



1 



1 



2,...,M 

M 

M + 1,...,N + M- 



(4.10) 



1 



and Am,n acts on elements ^ € G according to eq. ( |4.8| ) with the A in the last 
line being replaced by A'. These two co-products A and A are 'intertwined' 
by the *-operation. To make a precise statement we introduce an element 
K G )Cm ^ JCn by the expression K = AM,Ar(io('^))(''o ('^) ® '•o(^))~^- With 
this notation we have 



A 



(4.11) 



for all X G ICn+m-i- This property is similar to ( ^ ) where the *-operation 
intertwines A and A' and, in fact, it reduces to the latter on elements ^ € 
Gn C Kn+m-i- 



4.2 Special cases. There are important special cases of the maps Am,n which 
we would like to consider in more detail. First, observe that the map 

Ai,i : /Ci ^ /Ci «) /Ci (4.12) 

satisfies the co-associativity condition 

(id(g) Ai^i) o Ai^i = (Ai^i id) o Ai^i. (4.13) 

This is a specification of equation ( |4.9| ) for the case ofL = M = A^ = l. We 
conclude that the map Ai = Ai^i furnishes a co-product for the algebra ICi. 
It has been recently shown |^l| that as a Hopf algebra ICi is isomorphic to the 
Drinfeld double G- In particular, this implies existence of an i2-matrix for 
the Hopf-algebra ICi. 

As we know (see Section 3), the algebra /Ci is generated by the elements 
^ & G and by the universal element M S G ^ )Ci. Irreducible representations 
of /Ci are labelled by the pairs (/, J) of irreducible representations of G- This 
implies that as an algebra /Ci is isomorphic to G ® G (see also [^] where an 
isomorphism of quasi-triangular Hopf algebras is described). 

There is another interesting special choice of chain lengths N and M: 



Ai^N ■ K^N — > /Ci (8" /Cat 



(4.14) 



The co-associativity condition ( [4 .91 ) adapted to this case reads 

{id (g) Ai^n) o = (Ai,i «) id) o Ai,Ar . (4.15) 

This shows that Ai^tv also provides a co-action of the Hopf algebra /Ci on /Cjv. 
Such a structure has been noticed already in We shall see that it permits 
us to establish a one-to-one correspondence between representations of /Cat 
and ICi. 

Our last remark on the properties of Am,n concerns the inductive hmit 
/Coo- Using the block-spin embeddings /C^r — > i^Ar+i, one can construct a 
commutative diagram: 

Am,n '■ K^N+M-l K^M ® K^N 

i i (4.16) 

Am,N+1 ■ K^N+M ® ^N+l 

Commutativity ( [4.16| ) ensures that the sequence of homomorphisms Am,n 
defines homomorphisms 

Aa/,oo : /Coo K-M (S) /Coo- (4-17) 

Then equation ( [4. 91 ) imphes the co-associativity for Am^oo^ 

{id (g) Aat^oo) o Aj\/oo = {Am,n ® id) o An+m-i,oo- (4.18) 

Thus, Am,oo provides a co-module structure for /Coo with respect to the family 
JCm- In particular, /Coo is a co-module over /Ci. 

4.3 Implications for representation theory. The co-product Am,n yields a 
notion of tensor product for representations of the algebras JCm and /Cat. 

Definition 11 The representation D of the algebra /Cat+m-i is called a ten- 
sor product of the representations Dm of Km and of K,n if it acts on the 
tensor product of the corresponding vector spaces Wm ® according to the 
following formula: 

D{x) = {Dm®Dn)Am,n{x) (4.19) 

for all elements x of the lattice current algebra K,n+m-i- The resulting rep- 
resentation will be denoted by Dm m D^. 

We would like to analyse the structure of this new tensor product. We denote 
by the trivial representation of the symmetry Hopf algebra. 

Proposition 12 For any M and N and for arbitrary labels I and J of the rep- 
resentations of the symmetry algebra the following representations of Km+n-i 
are isomorphic: 

I?i/+jv-i ^ DiimD%' ^ D%'mDii . (4.20) 
In this sense, tensoring with the vacuum representation D^ is trivial. 



To prove this proposition one first checks that on the spaces W[/^W^^ and 
® Wlf the central elements of /Cju+Af-i have eigenvalues corresponding 
to the representation -D{/_|_jv_]^. Then one checks that the dimensions of all 
these spaces coincide with the dimension of Wl/_^_j^_i. This completes the 
proof. 

Observe that the tensor product of representations that we have intro- 
duced, relates representations of different algebras. For instance, if we take 
N = M, we obtain a representation of the algebra K,2N-i on the tensor prod- 
uct of representation spaces of JCn- The idea now is to embedd the algebra 
/Cjv into IC2N-1 with the help of the block spin maps 7m, 

J2N-1,N '■= J2N-2 O . . .0 77V+1 O JN ■ f^N ^2iV-l • 

In this way we may represent the algebra /Cjv on tensor products of its own 
representation spaces. The resulting representation certainly has a huge com- 
mutant and is not appropriate to describe the representation theory of /Cjv. 
We shall define a certain projection operator G /Cjv (8) that projects to 
more interesting subrepresentation. 

The construction of "P^ proceeds as follows. Notice that the lattice current 
algebra /Cjv contains N — 1 local projectors Pi & Gn f^N where n runs from 
1 to — 1. They are uniquely determined by the property ii{£,)Pi = ^{CjPi for 
all £, & G- An explicit formula for pi in terms of the objects Ni can be obtained 
along the lines of Subsection 2.5. When Ni replaces the monodromy M then 
we obtain pi instead of x^- These projectors pi commute with each other, i.e., 
PiPj = PjPi for all i,j so that their product defines again a projector Pjv, 

N-l 

Vn ■= Yl Pi &fCN ■ 

i=l 

From the defining relations of /Cjv it is fairly obvious that Vn commutes with 
Nq and the monodromy M. In the following, will denote the projector 
Vn <8) e G ICn ^ ICn and similarly V^ = e® Vn G K,n ® ICn- 

With these objects at hand, we are now able to define a new co-product 
Ajv for the algebra Kn, 

An{x) := V% Kn,n {12N-i,n{x)) for aU x e Kn ■ (4.21) 

It is easy to check that Ajv defines a homomorphism because '^2N-i,n and 
^N,N are homomorphisms and the projector V% commutes with the image of 
^n,n ° 727V-i,A' : Kn — > Kn ® Kn- Let us also mention that An{Vn x) = 
V^An{x) so that the co-associativity of Ajv follows from that of Ajv,m, 

{An ®iid)AN{x) = {id® An) An (x) for all ^ e Kn ■ 

In deviation from the standard properties of co-products. An is not unit pre- 
serving, i.e., Aiv(e) ^ e® e E Kn ® Kn (e G Kn denotes the unit element). 



and there is no one-dimensional trivial representation of /Cat. The role of the 
CO- unit is actually played by the vacuum representation of /Cat. Such al- 
gebraic properties are characteristic for weak Hopf-algebras [0 and the closely 
related weak quasi-Hopf algebras of [p^ ]. 

Notice, that the co-product Ajv is compatible with the block spin oper- 
ation: (7Ar (g) 77v)AAr = AJV4.17JV. This property is ensured by the fact that 
two block spin operations "Jn and commute with each other (see Section 
2). Thus, one can define an operation Aqo : /Coo — ^ ^oo ® /Coo which provides 
a co-product for the inductive limit of lattice current algebras. 

We would finally like to compare the representation category of /Ctv with 
that of JCi . To this end notice that the formula 

Di,^ ~ Di^mD'}^ (4.22) 

provides a one-to-one correspondence between representations of /Ci and ICn 
for arbitrary A^. In fact, this implies the same kind of correspondence for 
representations of /Ci and /Coo- Because /Cat is semisimple, for all N, the 
isomorphism ( [4.22D induces a map 

Fjv(I)i) = Dn (4.23) 

which assigns to each representation Di of the algebra fCi a representation 
D]\f of the algebra ICjy- 

To describe the properties of the map F, it is convenient to use the lan- 
guage of the theory of categories (see e.g. [jl^). It is clear that the map F^r is 
invertible and that it defines a co- variant tensor functor mapping the category 
of representations of the Hopf-algebra /Ci into the category of representations 
of the lattice current algebras /Cat. Actually, on the image of P^, the tensor 
product of representations of /Cat defined through A at is isomorphic to the 
representation obtained with the help of the co-action Ai^a^- Since tensor op- 
erators for the latter may be trivially identified with tensor operators of the 
quasitriangular Hopf-algebra /Ci, the functor F/v provides an equivalence of 
braided tensor categories. In the limit ^ oo we arrive at the following 
conclusion. 



Theorem 13 The functor F establishes an isomorphism between representa- 
tions the Hopf algebra tCi and the lattice current algebra /Coo which is compat- 
ible with a co-products 0//C1 and JC^o o,iT'd establishes an equivalence of braided 
monoidal categories. 



We can view this fact as the lattice analogue of a theorem in [16|, [14| 
on the equivalence of tensor categories corresponding to quantum groups and 
current algebras. Here the algebra /Coo replaces the current algebra, and 
ICi = Q (^Q is the direct product of two quantum groups corresponding to two 
chiral sectors. From this point of view, finding an exact relationship between 
lattice and continuum current algebras emerges as a challenging problem. 
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